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HPOTEINOMENEX
AITANTHYXEIY OEMATOQN

GEMA A
A.1. ZxoAik6 oghida 133

APKE( va anodei§oupe OTL yia onoadnAnoTe x;,x, € A 1oxUel £ (x; )= f(x,). Mpdyuartt:

e Av x, =x, TOTE npogavig f(x)=1(x,).
e AV X <x,, TOTE OTO BIAOTNHA [X,,X,] N f KAVOMOIEL TIG UNOBETEIG TOU BEWPHATOG

peong tuA. Enopévwg unapxel & (xl,xz) TETOLO WOTE f'(f;‘) = —f(xz)—f(xl) Q.
Xy =X

Enedr to &£ eival eowTepikd onueio Tou A, loxvel f '(5) =0, onéte Aoyw Tng @ eival
f(x)=/1(x,).Av x, <x,, T0TE opoiwg anodewkvuetat ot f(x,) = f(x,). Ze OAeg AoV TIg

nepnTRoeg eivat 1 (x, )= f(x,).

A.2. ZxoAké oghida 51

‘Eotw ot ouvaptAocelg f,g,h. Av:

e h(x)< f(x)<g(x) kovtaoTo x, Kat

e lim h(x)z lim g(x):l

X=X, X=X

ToTe lim f(x) =1

X—))CO

A.3. ZxOAIKO oelida 185
‘Eotw f pa ouvdptnon oplopévn o€ €va dldoTtnua A . ApxIkr ouvdptnon f napdyouca tng f
07O A ovopadeTal KaBe ouvapTnon F nou eival napaywyioun oto A katoxvel F'(x)= f(x)

yla KdBe x e A.
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©OEMA B

f:(1,+0) >R petono f(x)=2In(x-1)

—

g:[2,+0) >R petono g(x)=~+x-2+
B.1. MNatnvouvdptnon i=fog.
A, ={xer, g(x)eA, | ={x>2:x=2+1>1}={x22:/x-2>0} =
={x>2:x-2>0}={x>2:x>2} =(2,+x)

h(x)=(fog)(x)=1(g(x))=f(Vx—2+1)=2In(Vx-2+1-1)=
=2in(Vx—2)=In(Vx—2) =In(x-2)

B.2. h(x)=In(x-2), xe(2,+x)

Ma kaBe x,,x, € A, HE x; <X, EXOUUE:

Inx/
X <X, &x-2<x,-2< In(x, -2)<In(x,-2) < h(x) <h(x,)
Apa h /' oto didotnua (2,+0) Gpa h '1-1, dpa h avTICTPEPETAL.
B’ Tponog
Ma kaBe x,,x, € A, pe h(x)=h(x,) éxoupe:
Inx"1-1,
h(x)=h(x,)eIn(x-2)=In(x,-2) & x-2=x,-2&x=x,
Apa /1 '1-1., dpa i avTioTpEPETAL
Yy TPONOG
H & eival ouvexng kal napaywyiown ya x > 2 pe

h'(x):[ln(x—z)]l = xiz-(x—z)' :ﬁ>0 ya xe(2,+0)

Apa /7 010 BlGoTNUA (2,+00) Gpa i 1-1, Gpa h aVTIOCTPEPETAL,

Na TV e0peon TNG avTioTpoPng, BEToUpE y = h(x) .

e -1
x=2

y=h(x)=y=h(x-2) < ="V o =x-2cx=¢" +2, xeA,
Exoupe x>2< €' +2>2< ¢’ >0 nou woxlelyakaBe yeR,dpa A, =R,
Enopévwg h™' (y)=e’+2 pe yeR Gpa h™' (x)=¢"+2 pe xeR.

B’ Tpénog
H & eival ouvexng kat yvnoiwg at€ouoa dpa

h((2,40)) = (lim h(x), lim h(x)) = tim In (x~2), lim In(x~2)) =R o0

x—2" X—>+0 x—2" X—>+0

u=x-2
lim (x—2)=0 apa limIn(x—2) = limInu =—-o kat
x—2" x—2* x—=2" u—0"
u—0"
. . v=x-2 .
lim (x—2) =+ dpa lim In(x-2) = lim Inv=+o0
X—>+00 X—>+00 X—>+00 V—>+00

V—>+0

o - Pppovuonpia -
: NOUKaMIoas

‘O METAAYTEPOL @PONTILTHPIAKOL OMIAOE ETHN EAAAAA



X— x—2
0 2——(x-1) 2
m 2 (=1 8 (21n(x-1)) _ lim—X —tim* =L —fim—2 =2 kau
x—2 x_2 DLH x—2 (x—2)’ x—2 1 x—2 1 x—2 x_l
lim (x~2) =0 dpa lim In(x—2) = lim Inu =—o
x—2" x—2" x—2" u—0*
u—0"
OEMA I
r.1.

i) H f €xelopldévtia aouuNTwTn 0TO +00 onoTE TO 6po lim [ (x) gival npaypaTikdg apOpuog.

X—>+00

KX+ px

Exoupe lim f(x)= lim

X—>+00 x2 +1

. . . KX —o0, k<0 |
Av Kk #0 €xoupe lim f(x)= lim —-= lim xx = drono.
+o0, K >0

X—>+00 x>+ x X—>+00

AV x =0 éxoupe 6Tt lim f(x)= lim <=
X—>+00 X—>+0 x© 4

1:0 yla k@fe ueR

apan eubeia y =0 eivat opgévtia acupntwtn TNG €, OTO +0.
i) H y=x epanteTal TNG YPOQPIKAG Napdotacng Tng f otnv apxf Twv agévwyv dpa f(O) =0

nou oxuet kat f'(0)=1.

'EXoupe f,(x):(,Ux)’(x2+1)—(,ux)(x2+1) _ ,U(x2+1)—(,ux)2x _HX A p-2ux

(x2 +1)2 (x2 +1)2 (x2 +1)2 (x2 +1)2

!

Apa f1(0)=u= u=1
X
X +1

r.2. ‘Exoupe f(x)=

2 2
+1-x-2 —x" +1

i) H f eivatouvexng kat napaywyion pe f'(x) = x( 2 f)z - ( §+1)2
X+ X

2
f’(x)zO:(_f 41-)12:0:—x2+1=0:>x2:1:>x:i1
x*+
2
f’(x)>0:>ﬁ>0:>—xz+1>O:>xe(—1,1)
X’ +
2
f’(x)<0:>ﬁ<0:>—x2+1<0:>xe(—oo,—l)u(l,+oo)
x*+
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X —00 -1 1 +00

TOM.MET.

/ % 7 N
TOM.EA.
H f napouctadet oAk eAdxioTo oto x=—1 10 f(-1)= % = —% KOl OAKO PEYIOTO OTO x =1
+
1 1
0 f(l)=—=—.
f( ) 1+1 2

i) Na A, = (—oo,—l) n s €ivat oUVEXAG Kat yvNnoiwg @Bivouoa apa

7= fim s (3).Jim ()= 3.0

x—>—1 xX—>—0
X —1 1
Aot Iim f(x)= lim ——
H—rf( ) - x" +1 1+1 2
X 1
lim f(x)= lim =Ilim—=1lm—=0
X~)—00f( ) X—>—0 x2 +1 X—>—00 x2 X—>—0 x
11
Na A, = [ 1 1] n 7 €ival OUVEXAG Kal yvNoiwg avgouoa apa f [f )] ={—5,5}
—1 1
AT ——
f( ) 1+1 2
1 1
]_ = =
f( ) I+1 2
MNa A, = (l,+oo) n s €ival OUVEXNAG Kat yvnoiwg @Bivouoa apa

1

7= fim (et 7 () = 0.3

6T lim £ (x) = lim —— = lim £ = Tim L =0

2

X—>+0 x40y +1 x40 X400 x
X 1 1
lim =1lim —
Hlf( ) =1 +1 1+1 2

Enopévus £(D,)= £(A)0 1 (A,)u /(A ):{ %ﬂ
M v egiowon f(x)= %+ a’ €XOUpE:

apa n eEiowon eivat aduvatn.

max

Av a # 0 sival a2>0©%+a2>%:f

1
Av o =0 eival f(x)= 5 onoéTe povadikA pidan x=1.
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r.3.

2v+l

IXx
IV :jo x2+1dx @ 1‘X_Zv+l_|_xZ(V+l)+l 1x2"+1+x2"+1+2 1x2v+lM
2(v+1)+1 :>IV +Iv+1 :J. Z—dx:J‘ Z—dx: z—dx:
L x 0 x +1 0 x +1 0 1
v+1: dx
0 x> +1
2v+1+1
ZIIXZVde: X _ 1
0 v+2 | 2v+2
I 1 2x 1 5 Pl 1
= IO—L—xzﬂdx—E Oxzﬂdx—g[ln(x +1)}0—5(ln(1+1) ln(0+1))_51n2
Iv+Iv+1: 1
2v+2
1 =—t -1 .
yw v =0 €xoupe 2:0+2 2 =1 =—-—In2
1 2 2
[,=—In2
2
1 1 1 1 I 1 1 1 1
av=1¢xoupe I+, =—<———In2+=—], =———+-—In2[,=——+—-In2
Y X u 1 2 4 2 4 2 4 2 2 2 4 2

,.
MoOnuotika I AuKeiou - B’ Tokog

g ¥, Eooppoyn 15.16 - oe). 494
: iv,\ e ;';tﬁiilﬂrisplués

GEMA A
A1. Eoww h(x)=g(x)+x, xeR

H h eivat ouvexig oto [-1,0] wg npaeig ouvexwy, agol 0< g(x)<1 yia kdbe x € R, éxoupe:
h(_l)zg(_l)_ko}:h(—l).h(o)w
1(0)=g(0)>0
Anoé Bewpnpa Bolzano undpxet x, € (—1,0) tétolo wote A(x,)=0.
'Eotw 6TLundpxet x, € (—1,0) tétoto wote A (x,)=0.
Eotw x, <x,.
e H h eivarouvexng oo [x,x,].
e H h eivat napaywyiown oto (x;,x, ).
o h(x)=h(x,)=0
Ano6 Bepnpa Rolle, unapxet & € (x;,x, ) Tétolo wote h'(&)=0.
B (x)=g'(x)+1 apa g'(£)+1=0< g'(£)=-1 atono, apol g'(x)#—1 yiakaBe xeR.

TeAd undpxet povadiké x, € (—1,0) tétoto wote h(x,)=0< g(x)+x, =0.
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B’ Tponog
Eotw h(x)=g(x)+x ouvexng oto [—1,0] wg GBPOIOHA CUVEXWY CUVAPTACEWY HE

h(-1)=g(-1)-1<0 86T 0< g(x)<1 yiakaBe xR apa g(-1)<1= g(-1)-1<0
h(0)=g(0)>0

Apa h(-1)-#(0)<0, enopévwg anod Bewpnpa Bolzano undpxet ToUAAxIoTov pia pida x; €(—1,0)
TéTol Wote g(x,)+x, =0.

H h eivat napaywyiown pe A'(x)=g'(x)+1#0 agou g'(x)#—1 katenedn n g €xel ouvexn
nNpwTN NapAaywyo Kat 4" gival ouvexng, ondte dlatnpei npdonuo, dpa n 4 eival yvnoiwg
povoTovn, Gpa '1-1,, onéte n h(x)=0 éxel povadikn pia Ty x, .

A.2. AgoU f napaywyiown oto A, dpakatato x, =0, apa Ba W0XUEL

F)-F0) L SE)-10)

lim
x—0" X x—>0" X
x* X)+x
limw: lim x(g(x)+x) =0
x—0" X x—=0"
lim 2T EPX TR ) (277”’“ X —ﬂj — 2 tim P i T i — L e
x—>0" X x—>0" X X -OoLVX X =0 x 0" x  x>0" gLVX

=2-1+l-xk=3-K

Apa 3—-xk=0<= k=3
A3. Ta xe {O, %j EXOULE f(x) =2nux + epx —3x OUVEXNG KOL NOPAYWYIOWN HE:

, 1 200vx —30vvix+1 200Vx—200vx—ovVix+1
f'(x)=20vvx+———-3= - = -
oLV x oLV x ovvix

_ 20vv’x(ovvx—1)—(ovvx—1)(cvvx +1) (ovvx - 1)(2m)v2x —ovVX— 1)

oLVix ovVix

(ovvx—1)(ovvx—1)(2o0vvx+1) (m)vx—l)2 (20vvx+1) S0

oLV x ovvix

T
2
T
B
:

H o6tnTa oxvel pévo yia x =0 oto [O
Apan f eivalyvnoiwg atgouca oTo {0 j

/

xZO:f(x)Zf(O):f(x)ZO

Exoupe T egiowon 3/ (x)=7 < f(x) =%
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H f eivai ouvexng kat yvnoiwg av§ouoa ato {0,%) Etal f ([0,%)) =

lim f(x)= 1im(277,ux+apx—3x):2-1+oo—3%=+oo

x—>= x>

2 2
lim gpx = lim Ex =1(+00) = +0
T T OUVX

x—>= X—>
2

Apa fqo,%jj: £(0), tim 7 (x) |=[0.+)

x—)z
%e f([O,%D apa UNApxeL x, € (0,%) TETOLO WOTE f(xz) :% KaLenewdn n f eival yvnoiwg

augouoa oTO {0,%) n pica eivat povadikn.

A4,
i) H & eivalouvexng oto (xl,O] Kal dev €XeL pieq ylaTi n x,; €ival n povadikr pida.

Apan h datnpei otabepd npdonuo.

h(0)=g(0)>0 yoti 0< g(x)<l, xeR
Apa /(x)>0 yia kaBe (x;,0] onote h(x)>0 yx x €[x,,0].

Aol f(x)=x"-h(x) yx x €[x,0] kat x* >0 yia kaBe x [x,,0] kat £(x) >0 yx x [x,,0],

toTE KO f (X) =0 0T0 [X,,0].

i) 'Eotw Q, TO epPadodv Tou xwpiou nou NepKAEiETAL and TNV YPaPIKr napaotaon Tng f, Tov
agova x'x Kal TIg eubeieg x =x, kat x=0.
‘Eotw €, 10 gpfaddv Tou Xwpiou nou NepKAEiETal and tnv ypa@kn napdotaon tng [, Tov

. : r
agova x'x Kal TiG eubeieg x =0 kat x = f'(x, )= 3

AOYW TNG OUVEXELAG TNG f OTO BIAoTNHA [xl,%} katagoU f(x)=0 oTo idlo diaoTnpa,

€xoupe 6Tt E(Q)) :J-Xof(x)dx Kal E(Qz):jozf(x)dx.
E(Ql)zjjf(x)dxzjj(xz -g(x)+x3)dx :Isz ~g(x)dx+jjx3dx

X

3 1
Mapatnpoupe 6Tl J-O x*-g(x)dx = J.O(x?j -g(x)dx.
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Agpou n g eival napaywyion pe ouvexn noapaywyo €XOUUE OTL:

IO(% .g(x)dx{xé-g(?c)}: _J::%B-g'(x)

5] e atn) A ) S

AgoU g (x,)=—x, £xoupe OTL:
IO x_3 ,' (x)dxzﬁ—l " "(x)dx @
|3 )8 EL

! 0
¢ .3 of x* x* x' o0 T
x’dx = |l dx=|— :_;G Q xdx:_;
le le(“'} |:4j|x 4 p le 4 @

Ané @ kat ) €xoupe OTL:

xtoxt 1o , 5 x* 1o ,
B(Q)=-"+T=5 ]« (¢/(x))dr smhadn E(Q) = L= [ (g (x))dx @
J. f(x I 2nux +epx—3x)dx
Ma xe[o,f} EXOULE OTL £x = lais =_(0'uvx) :>5gox=—(ln(ovvx))'
3 ovVX oVVX

Apa
E(Q,)= J}(—2ovvx ~In(ovvx) —%xz) dx

E(Q,)= |:—20'UVX ~In(ovvx) —%xz } ’

0

E(Q,)= —20'1)1/(%)—ln(ovv(%)j—%(%)z —(—ZO'UVO—ln(O'UVO)—%OZj

E(Q2)=—1—ln(%j—5-?+2

ﬂ'2
E(Q)=1+lh2-"- @

MvwpiCoupe 6TL 0 GEovag 'y xwpidel To xwpio Q oe 8o ioa xwpia €, kat Q, 6Nwg
opiotnkav, Ba npénet:

4
x~ 1o :

E(QI)ZE(Qz)g_—— x3(g'(x))dx:1+ln2—%:>

1

0 , 7’
:T_ ) x3(g (x))dx=3+3ln2—7:>

4 2

:>j dx——+——3ln2 3
4 2
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